The main aim of this note, which can be viewed as a certain addendum to the paper [2] , is to propose several generalized inequalities for the ratio functions of trigonometric and hyperbolic functions. We basically follow the approach obeyed in this paper.
Introduction
The reading of paper [2] by C. Chesneau and Y. J. Bagul has strongly influenced us to write this note. In paper [2] the inequalities involving cosh x/ cos x and sinh x/ sin x were established by using refinement of Bernoulli inequality. We establish corresponding several generalized inequalities by using further refinement of Bernoulli type inequality. The refinement of Bernoulli type inequality can be of independent interest.
Inequalities for the ratio functions of trigonometric and hyperbolic functions
The following result presents a sharp upper bound for ln[
and polynomial terms in u and v. Lemma 2.1. Suppose u, v ∈ (0, 1) and k 0 ∈ {−1, 0} ∪ N. Then we have
Proof. Owing to the power series expansions of ln[(1 + uv)/(1 − uv)] and the fact that, for each natural number k ≥ k 0 + 1, we have u 2k0+3 ≥ u 2k+1 , we get
The proof of Lemma 2.1 is completed.
Remark 2.2. The inequality in Lemma 2.1 is equivalent to
.
It is worth noting that Lemma 2.1 further refine the Bernoulli type inequality established in [2, Proposition 2].
More to the point, we have the following:
such as, by Lemma 2.1, we have ln[(1 + uv)/(1 − uv)] ≤ a k0 . Then, the sequence (a k ) k∈{−1,0}∪N is strictly monotonically decreasing.
Hence, a k > a k+1 , implying the desired result. This ends the proof of Proposition 2.3. Now we will prove the following extension of [2, Proposition 2], where the case k 0 = −1 has been considered. Proposition 2.4. For each number k ∈ N 0 , set
Denote by b k0 the right hand side of this inequality. Then, the sequence (b k ) k∈{−1,0}∪N is monotonically decreasing.
Proof. The proof follows the arguments of those of the proof of [2, Proposition 2]. We consider the following product expansion:
Now, note that we can write b k = +∞ n=1 exp(a k,n ), where a k,n is defined by (2.1) with u = x 2 /α 2 and v = 4α 2 /[π 2 (2n − 1) 2 ]. Since (a k,n ) k∈{−1,0}∪N is monotonically decreasing by Proposition 2.3, the same holds for (b k ) k∈{−1,0}∪N . This ends the proof of Proposition 2.4.
The following proposition is a consequence of Proposition 2.4. Now, for any k ∈ N 0 , we have
and (x/α) 4k+2 − (x/α) 4k0+6 > 0 for k = 0, . . . , k 0 . It follows from Proposition 2.4 that
We end the proof of Proposition 2.5 by applying k 0 → +∞. Indeed, we have lim k0→+∞ (x/α) 4k0+6 = 0 and, by using the power series expansions of ln[
The desired upper bound follows. Indeed, after some algebraic manipulations, we get 
However, the benefit of such sharp inequality in our context need further developments that we leave for a future work.
Remark 2.7. If α ∈ (0, π/2), then the constant β = ln(cosh α/ cos α)/α 2 is the best possible constant for which we have cosh x cos x ≤ e βx 2 , x ∈ (0, α).
In actual fact, the following estimate has been deduced in the proof of [2, Proposition 2]:
This means that the function f (x) = (cosh x/ cos x) 1/x 2 , x ∈ (0, π/2) is monotonically increasing. So, if cosh x/ cos x ≤ e γx 2 , x ∈ (0, α) for some real number γ, then we must have (cosh x/ cos x) 1/x 2 ≤ e γ . Letting x → α−, we get that γ ≥ β, as claimed.
One can on the similar line prove the following extension of [2, Proposition 4] where again the case k 0 = −1 has been considered. [2, Proposition 5] can also be obtained easily from the following proposition. 
